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ON REPRESENTATIONS OF CLASSICAL GROUPS OVER
PRINCIPAL IDEAL LOCAL RINGS OF LENGTH TWO
POOJA SINGLA
Abstract. We study the complex irreducible representations of special linear,
symplectic, orthogonal and unitary groups over principal ideal local rings of
length two. We construct a canonical correspondence between the irreducible
representations of all such groups that preserves dimensions. The case for gen-
eral linear groups has already been proved by author.
1. Introduction
Let F be a non-Archimedean local field with ring of integers O. Let ℘ be the
unique maximal ideal of O and pi be a fixed uniformizer of ℘. Assume that the
residue field O/℘ has odd characteristic p. We denote by Oℓ the reduction of O
modulo ℘ℓ, i.e., Oℓ = O/℘
ℓ. Therefore O1 will denote the residue field of O.
The representation theory of classical groups over the ringsO and the finite rings
Oℓ has attracted attention of many mathematcians. See Singla [7] for the history
of this problem for the General and Special linear groups over the ringsO and their
finite quotients Oℓ. In the direction of the classical groups, Lusztig [5] constructed
several irreducible representations of reductive groups over finite rings and Jaikin-
Zapirain [4] looked at the problem of constructing irreducible representations of
compact pro-p groups. But the knowledge of all irreducible representations of
classical groups over O and the finite rings Oℓ is still far from complete.
In Singla [7], we gave a method to construct irreducible representations of gen-
eral linear groups GLn(O2). In this article, we use it to construct irreducible
representations of other classical groups over the rings O2. The questions of this
article are also motivated by a conjecture of Onn [6, Conjecture 1.2], which says
that the isomorphism type of the group algebra of automorphism group of finite O-
modules depend on the ring of integers only through the cardinality of its residue
field. More generally one can ask this question for the other classical groups over
Oℓ as well. In Singla [7], we proved Onn’s conjecture for groups GLn(O2).
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1.1. Main Results. The classical groups over ring O2 are defined as:
(1) Special Linear Group: SLn(O2) = {g ∈ GLn(O2) | det(g) = 1}.
(2) Symplectic Group: Spn(O2) = {g ∈ GL2n(O2) | g
tJg = J}, where gt de-
notes transpose of g and J =
[
0 In
−In 0
]
.
(3) Orthogonal Group: On(O2) = {g ∈ GLn(O2) | g
tg = In}.
(4) Unitary Group: Let F˜ be a degree two unramifield extension of F and σ
be the unique nontrivial Galois automorphism of F˜ . Let O˜2 be the corre-
sponding unramified extension of O2, then σ restricts to an automorphism
of O˜2 (denoted again as σ). Applying σ entry wise we obtain an automor-
phism of GLn(O˜2). For any g ∈ GLn(O˜2), let g
⋆ = (gσ)t. Then the unitary
group is defined as
Un(O2) = {g ∈ GLn(O˜2) | gg
⋆ = In}.
We prove that the number and dimensions of irreducible representations of these
classical groups over O2 depend on O only through the cardinality of residue field.
More precisely we prove the following.
Let F and F′ be local fields with rings of integers O and O′, respectively, such
that their residue fields are finite and isomorphic (with a fixed isomorphism). Let
℘ and ℘′ be the maximal ideals of O and O′ respectively. As described earlier, O2
and O′2 denote the rings O/℘
2 and O′/℘′2, respectively. For a ring R, we use C(R)
as collective notation for any of the classical groups SLn(R), Spn(R), On(R), or
Un(R) over R.
Theorem 1.1. There exists a canonical bijection between the irreducible repre-
sentations of C(O2) and those of C(O
′
2), which preserves dimensions.
By the equivalence between the number of conjugacy classes and distinct irre-
ducible representations, we also obtain that the number of conjugacy classes of
the classical groups over O2 depend on O only through |O1|. We remark that very
little is known about the conjugacy classes of classical group C(Oℓ) (See [2, 1, 8]).
2. Proof of Theorem 1.1
First of all, we set up few notations. By character we shall always mean one-
dimensional representation. For an abelian group A, the set of its characters is
denoted by Aˆ. For any group G, the set of inequivalent irreducible representations
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is denoted by IrrG. Let
κ : GLn(O2)→ GLn(O1) and κ¯ : C(O2)→ C(O1)
be the natural quotient maps with K = ker(κ) and L(C) = ker(κ¯). We shall use
the following results of Clifford theory.
Theorem 2.1 (Clifford Theory). Let G be a finite group and N be a normal
subgroup. Let ρ be an irreducible representation of N and T (ρ) = {g ∈ G | ρg = ρ}
be the stabilizer of ρ. Then the following hold
(1) If pi is an irreducible representation of G such that 〈pi|N , ρ〉 6= 0, then
pi|N = e(⊕ρ∈Ωρ) where Ω is an orbit of irreducible representations of N
under the action of G, and e is a positive integer.
(2) Let A = {θ ∈ Irr(T (ρ)) | 〈Res
T (ρ)
N θ, ρ〉 6= 0} and
B = {pi ∈ IrrG | 〈ResGNpi, ρ〉 6= 0}.
Then
θ→ IndGT (ρ)(θ)
is a bijection of A onto B.
(3) Let H be a subgroup of G containing N , and suppose that ρ has an extension
ρ˜ to H (i.e., ρ˜|N = ρ). Then the representations χ ⊗ ρ˜ for χ ∈ Irr(H/N)
are irreducible, distinct for distinct χ, and
IndHN(ρ) = ⊕χ∈Irr(H/N)χ⊗ ρ˜.
Let L̂(C) denote the set of characters of L(C). The group C(O2) acts on L̂(C)
by conjugation. That is, if α ∈ C(O2) and φ ∈ L̂(C) then φ
α(x) = φ(αxα−1) for
x ∈ L(C). For any φ ∈ L̂(C), let TC(φ) = {α ∈ C(O2) | φ
α = φ} be the stabilizer
of φ in C(O2).
Proposition 2.2. For any φ ∈ L̂(C),
(a) There exists a canonical character χφ of TC(φ) such that χφ|L(C) = φ.
(b) The group TC(φ)/K depends on O only through |O1|.
(c) The cardinality |C(O2)/TC(φ)| depends on O only through |O1|.
We postpone the proof of this proposition to § 3 and 4. Assuming this, we
complete the proof of Theorem 1.1.
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Proof of Theorem 1.1. Let SC denote the set of C(O2)-orbits in L̂(C) under con-
jugation. Therefore, by Clifford Theory, there exists a bijection (also canonical by
proposition 2.2) between the sets∐
φ∈SC
{Irr(TC(φ)/K)} ←→ IrrC(O2),(2.1)
given by,
δ 7→ Ind
C(O2)
TC(φ)
(χφ ⊗ δ˜),(2.2)
where δ˜ is a representation of TC(φ) obtained by composing δ with the natural
projection map TC(φ)→ TC(φ)/K. Since the left side of (2.1) depends on O only
through the cadinality of O1, theorem follows.

3. The groups On(O2), Spn(O2), Un(O2), and SLn(O2)(p ∤ n)
Fix a nontrivial additive character ψ : O1 → C
×. For each A ∈ Mn(O1) the
character ψA : K → C
× is defined by
ψA(I + piX) = ψ(Tr(AX)).
The bilinear form 〈., .〉 : Mn(O1) ×Mn(O1) → O1, defined by (A,B) 7→ Tr(AB)
is non-degenerate therefore the assignment A 7→ ψA defines an isomorphism
Mn(O1) ∼= Kˆ. Let TG(ψA) = {g ∈ GLn(O2) | ψ
g
A = ψA} (in place of T (ψA)
of Singla [7] to remove any ambiguity) denote the stabilizer of ψA in GLn(O2). In
this section we prove Proposition 2.2 for Orthogonal, Unitary, Symplectic and Spe-
cial linear groups(p ∤ n). For this section C(O2) denotes either On(O2), Un(O2),
Spn(O2) or SLn(O2)(p ∤ n). For any classical group C(O2), let MC be the sub-
group ofMn(O1) such that X 7→ I +piX defines an isomorphism MC ∼= L(C). By
restricting 〈., .〉 to MC , we obtain a bilinear form on MC as well. Observe that if
this restriction is non-degenerate then,
(1) The map A 7→ ψA|L(C) defines an isomorphism, Mc ∼= L̂(C).
(2) TC(ψA|L(C)) = TG(ψA) ∩C(O2).
We recall the following result of Singla [7]
Proposition 3.1. For any φ ∈ Kˆ, there exists a canonical character χGφ of TG(φ)
such that χGφ |K = φ (such a character χ
G
φ is called an extension of φ).
Proof. For proof see Proposition 2.2 and Section 5 of Singla [7]. 
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Let φ = ψA|L(C) for some A ∈ MC , then part (a) of Proposition 2.2 follows by
taking χφ = χ
G
φ |TC(φ). Parts (b) and (c) of Proposition 2.2 follow by the following
facts:
(1) TC(φ)/L(C) ∼= ZGLn(O1)(A) ∩ C(O1).
(2) |C(O2)/TC(φ)| = |C(O1)/(ZGLn(O1)(A) ∩ C(O1))|.
These follow easily by definitions of TC(φ), L(C) and Corollary 5.3 of Singla [7].
We shall show that the bilinear form 〈., .〉|MC is non-degenerate for Symplectic,
Unitary, Orthogonal, and Special linear(p ∤ n) groups. Further in § 4 we show
that it is not true for Special linear group with p | n, which makes this case bit
harder. We shall use a completely different method to solve SLn(O2)(p | n).
3.1. On(O2). The kernel L(O) of the natural projection map On(O2) → On(O1)
is isomorphic to
MO = {X ∈ Mn(O1) | X +X
t = 0}
by I +piX 7→ X . For any A ∈ MO, since 〈., .〉 is non-degenerate on Mn(O1), there
exists Y ∈ Mn(O1) such that Tr(AY ) 6= 0. Take B = Y − Y
t ∈ MO. By using
additivity and Tr(Z) = Tr(Zt) for any Z ∈ Mn(O1), we obtain
Tr(AB) = Tr(A(Y − Y t)) = Tr(AY + AtY t) = 2Tr(AY ) 6= 0.
Here we have also used the fact that the residue field is of odd characteristic.
Hence 〈., .〉|MO is non-degenerate.
3.2. Un(O2). The kernel L(U) of the natural projection map Un(O2) → Un(O1)
is isomorphic to the set
MU = {X ∈ Mn(O1) | X +X
⋆ = 0}
by I + piX 7→ X . The rest of the argument for this follows similar to orthogonal
group case, by replacing Y − Y t with Y − Y ⋆.
3.3. Spn(O2). The kernel L(Sp) of the natural projection map Spn(O2)→ Spn(O1)
consists of matrices I + piX , X ∈M2n(O2) such that
(I + piX)tJ(I + piX) = J, where J =
[
0 In
−In 0
]
.
Let
MSp = {X ∈ M2n(O1) | X
tJ + JX = 0}
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then X 7→ I + piX is easily seen to give an isomorphism between MSp and L(Sp).
Also observe that,
MSp = {
[
U V
W −U t
]
| U, V,W ∈ Mn(O1), V = −V
t,W = W t}.
For any A =
[
U V
W −U t
]
, X =
[
U ′ V ′
W ′ −U ′t
]
∈MSp,
Tr(AX) = 2Tr(UU ′) + Tr(VW ′) + Tr(WV ′).
By using the fact that (A,B) 7→ Tr(AB) is a non-degenerate bilinear form on the
set of matrices, symmetric and skew-symmetric matrices over O1. We obtain that
for any nonzero A ∈MSp there exists X ∈MSp such that Tr(AX) 6= 0. Therefore
〈., .〉|MSp is non-degenerate.
3.4. SLn(O2), p ∤ n: Let L(SL) denote the kernel of the natural projection map
SLn(O2)→ SLn(O1). Identify the set L(SL) withMSL = {X ∈ Mn(O1) | Tr(X) =
0}, by I + piX 7→ X . We prove that the bilinear form (A,B) → Tr(AB) is
non-degenerate on MSL.
For any non-diagonal matrix A = (aij) ∈ sln(O1), there exists pair (i0, j0) such
that i0 6= j0 and ai0j0 6= 0. Take B = (bij) ∈ MSL such that bj0i0 = 1 and zeros
everywhere else. Then Tr(AB) 6= 0. On the other hand if A = (aij) ∈ MSL
is a non-zero diagonal matrix, then p ∤ n implies there exists i0 6= j0 such that
ai0i0 6= aj0j0. Then by taking B = (bij) ∈MSL to be the matrix satisfying bi0i0 = 1,
bj0j0 = −1 and bij = 0 for all (i, j) /∈ {(i0, i0), (j0, j0)}, we obtain that Tr(AB) 6= 0.
This proves the assertion.
4. Special Linear Group SLn(O2), p | n
Let L(SL) denote the kernel of the natural projection map SLn(O2)→ SLn(O1).
As mentioned in § 3.4, the set L(SL) can be identified withMSL = {X ∈ Mn(O1) |
Tr(X) = 0}, by I+piX 7→ X . We firstly show that 〈., .〉|MSL is not non-degenerate
by showing that the scalar matrices lie in its radical. Let A = aIn ∈ Mn(O1), then
p | n implies A ∈ MSL. Hence for any X ∈ MSL we obtain Tr(AX) = aTr(X) = 0.
This implies that 〈., .〉|MSL is not non-degenerate. Hence the method discussed in
the last section does not work in this case.
Define an equivalence relation on Mn(O1) by A ∼ B if there exists a scalar
x ∈ O1 such that A = xI+B. Denote the equivalence class of A under this relation
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by [A] and the set of equivalence classes by L. The set L is an abelian group under
the operation [A] + [B] = [A+B]. For any [A] ∈ L define ψ[A] : L(SL)→ C
× by
ψ[A](I + piX) = ψ(Tr(AX)).
Then ψ[A] is well defined character of L(SL) and [A] 7→ ψ[A] gives an isomor-
phism L→˜L̂(SL). The group GLn(O2) acts on L by conjugation via its quotient
GLn(O1), and therefore on L̂(SL). For α ∈ GLn(O2) and ψ[A] ∈ L̂(SL), we obtain,
ψα[A](I + piX) = ψ(Tr(Aκ(α)Xκ(α)
−1)) = ψκ(α)−1[A]κ(α)(I + piX).
Let TG(ψ[A]) = {α ∈ GLn(O2) | ψ
α
[A] = ψ[A]}. Observe that L(SL) is a subgroup of
I +piMn(O2) and the character ψA ∈ K̂ restricts to ψ[A] on L(SL). By definitions
it follows that TG(ψA) = {α ∈ GLn(O2) | ψ
α
A = ψA} is a subgroup of TG(ψ[A]). Let
TSL(ψ[A]) be the stabilizer of ψ[A] in SLn(O2), then TSL(ψ[A]) = TG(ψ[A])∩SLn(O2).
We subdivide our further discussion to two cases.
4.1. The case TG(ψA) = TG(ψ[A]): The condition TG(ψA) = TG(ψ[A]) implies
TSL(ψ[A]) = TG(ψA) ∩ SLn(O2).
Then define χψ[A] = χ
G
ψA
|TG(ψA)∩SLn(O2), where χ
G
ψA
is as obtained from Proposi-
tion 3.1. Then χψ[A]|L(SL) = ψ[A]. This proves the existence of canonical extension,
that is Proposition 2.2(a), in this case.
4.2. The case TG(ψ[A]) 6= TG(ψA): Let TSL(ψA) denote the set TG(ψA)∩SLn(O2).
For this case, we follow the following steps to obtain the character χψ[A] of TSL(ψ[A]).
Step 1: We show that the group TSL(ψA) is normal in TSL(ψ[A]) and the group
TSL(ψ[A])/TSL(ψA) is abelian.
Step 2: There exists an abelian group S such that
TSL(ψ[A]) = TSL(ψA)S,
and the intersection S ∩ TSL(ψA) is trivial.
Step 3 There exists a character χA of TSL(ψA) that is invariant in TSL(ψ[A]) and
hence extends to give required character χψ[A] .
By definition of the action of GLn(O2) on Mn(O1) and the set {[X ] | X ∈
Mn(O1)} of equivalence classes, we obtain TG(ψ[A]) = {g ∈ GLn(O2) | g[A]g
−1 =
[A]} and TG(ψA) = {g ∈ GLn(O2) | gAg
−1 = A}. Let g ∈ TG(ψ[A]) be such that
gAg−1 = A+ xI for some x ∈ O1, and let z ∈ T (ψA). Then,
(gzg−1)A(gzg−1)−1 = gzg−1Agz−1g−1 = gz(A− xI)z−1g−1 = A.
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This implies that TG(ψA)(TSL(ψA)) is a normal subgroup of TG(ψ[A])(TSL(ψ[A])).
Further the quotient TG(ψ[A])/TG(ψA)(TSL(ψ[A])/TSL(ψA)) is abelian because
g1g2A(g1g2)
−1 = (g2g1)A(g2g1)
−1.
This completes the proof of Step 1.
We can assume that matrix A has all its eigenvalues in the field O1, for if not we
can apply the argument to an extension field of F . Hence for further discussion,
we shall assume that that all the eigenvalues of A lie in the field O1.
The assumption TG(ψ[A]) 6= TG(ψA) implies there exists a nonzero scalar x ∈ O1
such that A is conjugate to xI + A. Therefore, if a is an eigenvalue of A then so
is a + x. We arrange the distinct eigenvalues of A in the following order,
a11, a12, . . . , a1p, a21, a22, . . . , a2p, . . . , ar1, ar2, . . . , arp,
where aij = ai(j−1) + x, aip + x = ai1 for all 1 ≤ i ≤ p,2 ≤ j ≤ p, and for i 6= i
′,
aij−ai′j /∈ (x) (the additive space generated by x). Assume that A is in its Jordan
Canonical form (see Theorem 3.5 of Singla [7]), that is
(4.1) A = ⊕ri=1 ⊕
p
j=1 Aij ,
where each Aij is further direct sum of Jordan blocks with unique eigenvalue aij.
Every element of TG(ψ[A]) modulo the group TG(ψA) just permutes the matri-
ces Aij among each other. Therefore every element of TG(ψ[A]) can be written
as product of an element of the permutation matrix and an element of the group
TG(ψA). The cosets of TSL(ψA) in TSL(ψ[A]) can be parametrized by the permuta-
tion matrices consisting of pr × pr blocks with each (i, j)th block of size equal to
size of matrix Aij and with the property that each block is either identity or zero
matrix. Let S be the collection of the permutation matrices corresponding to the
quotient TSL(ψ[A])/TSL(ψA), then S is an abelian group (by Step 1)) satisfying,
(1) TSL = STSL(ψA).
(2) The intersection S ∩ TSL(ψA) is trivial.
This proves Step 2. For step 3, first of all we briefly recall the construction of
character χGψA of TG(ψA) that extends ψA, from Singla [7].
Let s : O×1 → O
×
2 be the unique multiplicative section of the natural projection
map O×2 → O
×
1 . By defining s(0) = 0, we obtain a section s : O1 → O2 of the
natural projection map O2 → O1. By extending it entry wise, we obtain a map
from GLn(O1)→ GLn(O2), denoted again by s.
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For a matrix A as given in (4.1), let ZGLn(O2)(s(A)) = {g ∈ GLn(O2) | gs(A) =
s(A)g} and mij be the size of each matrix Aij . Then
ZGLn(O2)(s(A)) = Π
r
i=1Π
p
j=1ZGLmij (O2)(s(Aij)),
and TG(ψA) = K.ZGLn(O2)(s(A)) (see Lemma 5.1 and Corollary 5.3 of Singla [7]).
For any a ∈ O1 define a character ψa : 1 + piO2 → C
× by ψa(1 + pix) =
ψ(ax). Since O×2 is direct product of O
×
1 and 1 + piO2, the characters ψa extend
trivially to O×2 , denote this by χa. Define a character χ of ZGLn(O2)(s(A)) =
Πri=1Π
p
j=1ZGLmij (O2)(s(Aij)) by
χ(Πri=1Π
p
j=1Xij) = χa11(det(X11)) . . . χarp(det(Xrp)).
Then the character χGψA = ψA.χ of TG(ψA), defined by ψA.χ(uv) = ψA(u)χ(v) for
all u ∈ K and v ∈ ZGLn(O2)(s(A)), satisfies χ
G
ψA
|K = ψA. Let χA = χ
G
ψA
|TSL(ψA).
Then,
Lemma 4.1. The one dimensional representation χA of TSL(ψA) is fixed by TSL(ψ[A]).
Proof. To prove that χA is fixed by TSL(ψA), it is sufficient to prove that the re-
striction of χ to ZGLn(O2)(s(A))∩SLn(O2) is invariant under the action of elements
of the group S, as ψA|K∩SLn(O2) = ψ[A] and ψ[A] is fixed by TSL(ψ[A]) by definition
of TSL(ψ[A]).
Observe that any permutation matrix s ∈ S such that sAs−1 = A+x′I permutes
the matrices Aij and Ai′j′ among each other only if both Aij and Ai′j′ have the
same block decomposition and aij − ai′j′ ∈ (x
′), where (x′) denotes the additive
space generated by x′. LetX ∈ (ZGLn(O2)(s(A))∩SLn(O2)). Then by the structure
of ZGLn(O2)(s(A)), we obtain that X = Π
r
i=1Π
p
j=1Xij . Let det(Xij) = βij(1+piαij),
where βij ∈ O
×
1 and 1 + piαij ∈ 1 + piO2. Here we have again used the fact
that O×2 is direct product of O
×
1 and 1 + piO2. Then X ∈ SLn(O2) implies that
Πri=1Π
p
j=1βij = 1 and therefore
∑r
i=1
∑p
j=1 αij = 0. By definition of χ, we obtain
χ(X) = ψ(
r∑
i=1
p∑
j=1
(aij + (j − 1)x)(αij))
and
χ(sXs−1) = ψ(
r∑
i=1
p∑
j=1
(aij + x
′ + (j − 1)x)(αij)).
but then
∑r
i=1
∑p
j=1 αij = 0 implies
r∑
i=1
p∑
j=1
(aij + (j − 1)x)(αij) =
r∑
i=1
p∑
j=1
(aij + x
′ + (j − 1)x)(αij).
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Therefore χ(X) = χ(sXs−1). This proves the lemma. 
Hence by Singla [7, Lemma 5.4] (also see Isaacs [3, Exercise 6.18]) χA extends
to TSL(ψ[A]). Furthermore, as S is an abelian group with a trivial intersection
with TSL(ψA), we can define extension χψ[A] canonically such that χψ[A]|S is trivial.
This completes the proof of Proposition 2.2(a) for SLn(O2)(p | n).
Let ZGLn(O1)([A]) be the subgroup of GLn(O1) consisting of matrices g ∈ GLn(O1)
satisfying g[A]g−1 = [A]. Parts (b) and (c) of Proposition 2.2 follow by observing,
(1) The group TSL(ψ[A])/L(SL) is isomorphic to ZGLn(O1)([A]) ∩ SLn(O1).
(2) |SLn(O2)/TSL(ψ[A])| = |SLn(O1)/(ZGLn(O1)([A]) ∩ SLn(O1))|.
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